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On notations in Space of Four Dimensions. 

By F. N. Cole. 



l. 

Linear Configuration in Four-Dimensional Space. 

1. In a four-dimensional space of constant zero curvature, suppose any point 
to be selected, and through this point four linear solids mutually at right angles 
to each other, to be drawn. Taken in pairs, these four solids intersect in six 
planes, and taken by threes they intersect in four straight lines. Taken all 
together, they have only the selected point in common. This system of the point, 
the four lines, the six planes, and the four solids may be employed as a coor- 
dinate configuration. The point will be the origin, the four lines may be called 
the axes of x, y , z and w, the six planes the planes of xy, xz, xw, yz, yw and zw, 
the four linear solids, the solids of xyz, xyw, xzw and yzw respectively. The 
coordinate solids, in the order as written, are defined by the equations 

w= 0, z = 0, y = 0, x= 0; 
the planes by 

W=Q, W=-0, 2=0,03=0,03=0,03 = 0, 

3=0, y=0,y = 0,w=0, z=0,y = 0, 
and the axes by 

y = 0, 03 = 0,03 = 0,03 = 0, 

3=0, a=0, y=0,y = 0, 
w=0,w=0, w= 0, 2=0. 

In pairs, the four axes determine the six coordinate planes ; in threes, they 
determine the four coordinate solids. The six planes taken in pairs would seem 
at first sight to intersect in fifteen straight lines. But the two planes xy and zw 
have evidently no element in common except the origin, since this is the only 
point for which we can have simultaneously w=0, s = 0, x = 0, y = 0. The 
same is evidently true for any pair of planes whose symbols have no letter in 
common. There are three such pairs, and accordingly the fifteen apparent lines 
of intersection reduce to twelve. Again, the pairs of planes xy and 032, xy and 
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yz, xz and yz, all intersect on the line a; = 0, y = Q, z = 0. All the pairs of 
planes can be similarly arranged, in four sets of three each, which have the same 
line of intersection. The twelve lines therefore reduce to the four coordinate 
axes, each counted three times. 

Of the thirty combinations of the coordinate planes by threes, four sets 
which have each a common line have just been considered. Beside these, the four 
sets in each of which the same letter occurs three times in the symbols for the 
three planes, determine each a solid corresponding to the repeated letter. Thus 
the planes xy, xz and xw determine the solid x = 0. The remaining twenty-two 
sets of three planes determine no elementary configuration. 

The numerical arrangement of the parts of the coordinate configuration 
may therefore be briefly expressed as follows : 

Each coordinate solid contains three coordinate planes and three coordinate 
axes. Each coordinate plane is contained in two coordinate solids and contains 
two coordinate axes. Each coordinate axis is contained in three coordinate 
solids and in three coordinate planes. 

The coordinate (rectangular) configurations of the ordinary plane and space 
geometries divide the angular space about the origin into four plane right angles 
and eight right triedral angles respectively. 

Similarly in space of four dimensions the angular space about the origin is 
divided by the coordinate configuration just discussed into sixteen right tetra- 
edral angles. 

2. A point in four-dimensional space is determined by four coordinates 
referred to the four coordinate solids. An equation of the first degree between 
these four coordinates defines a linear three-dimensional configuration. Such a 
configuration I shall call a lineoid. Among the lineoids the coordinate solids are 
of course included. 

Geometrically a lineoid is determined by four points. For although four 
points are determined by sixteen constants, each point has, while remaining 
within the lineoid, still three degrees of freedom. Of the sixteen constants there 
remain therefore only 16 — 12, or 4, and this number corresponds to the four 
essential constants in the equation of the lineoid. 

Two equations between the four coordinates analytically define a plane. 
But if two lineoids intersect in a given plane, any pair of linear combination of 
the two lineoids will intersect in the same plane. Two such pairs of linear com- 
binations involve two essential constants. These subtracted from the eight 
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constants which determine the two lineoids leave six constants which deter- 
mine their plane of intersection. Geometrically a plane is determined by three 
points. For each of the three points has, while remaining in the plane, two 
degrees of freedom, so that we have 3X2 = 6 essential constants. 

Similarly three linear equations or two points determine a straight line. 
The two points involve eight constants, but as each has one degree of freedom 
on the line, these eight reduce to six essential constants. 

The linear configurations in four-dimensional space are therefore determined 
as follows : A lineoid by 4 constants. 

A plane by 6 constants. 

A line by 6 constants. 

A point by 4 constants. 

The dualistic relation between the lineoids and points on the one hand and 
the planes and lines on the other appears clearly in this table. 

3. Among these linear configurations we are especially interested in those 
which contain the origin, and for which accordingly the constant terms in all the 
defining equations disappear. In this case a lineoid is determined by three 
further conditions, a plane by four, and a line by three. The geometry of these 
configurations is therefore analogous in form to that of the planes, lines and 
points of ordinary three-dimensional space. 

As, however, the greater portion of the following developments hold for all 
linear configurations, whether they include the origin or not, I shall state them 
for the most part in their full generality. 

If the equation of a lineoid be 

ax + hy -f- ez + cko + e = , 

then we may write ^ + / + = + ^ = cos a, ^ + y * + - + = = cos /?, 

Va» + /+c* + ^ = C ° S y ' V¥+W+T+of = C08S ' Where the f0Ur COsines 
are connected by the identity cos 2 a + cos 2 (3 + cos 2 y + cos 2 &= 1 . 

These four cosines I call the direction cosines of the corresponding lineoid. 

The quantity 8 may be called the perpendicular distance from 

the origin on the given lineoid. 

If the direction cosines of two lineoids be 

cos a , cos ft , cos y , cos $ , 
cos a' , cos (3' , cos y' , cos 8' 
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respectively, we may form from these the six determinants of the second order : 

cos a cos /?' — cos (3 cos a 1 cos /8 cos y' — cos y cos /3', 
cos a cos y 1 — cos y cos a 1 cos (i cos h' — cos h cos /?', 
cos a cos S' — cos S cos a' cos y cos 5 — cos 8 cos y'. 

The six quantities obtained by dividing each of these by the square root of 
the sum of the square of all of them I denote by P 12 , P 13 , P u , P 23 , P 2i , P u , and 
these I call the six direction cosines of the given planes. Thus 

p cos a cos ft' — cos (3 cos a' 

12 */ 1 — (cos a cos a' + cos /? cos /3' + cos y cos y' + cos 6 cos S'f ' 

The denominator of the P's can only vanish when a = a', (3 = /3', y = y', 
5 = 5', in which case the two given lineoids coincide in all but their constant terms. 

Beside the 6 P's the plane has also for determining elements the perpen- 
diculars from the origin on the two given lineoids. 

Between the P's there is the identity 

P! 3 + Pl 3 + Pl i + Pl 3 + Pl i + PL=i. (i) 

But since a plane through the origin* is determined by four constants, there must 
be still another identity connecting the P's. This is 

P n P u + P 1% P & + P U P, 3 = (2) 

as is readily seen from the development of the identically vanishing determinant 

cos a ', cos (3 , cos y , cos 5 
cos a', cos/3', cosy', cos# 
cos a, cos (3, cosy, cos 8 
cos a', cos/3', cos/, cos^' 

4. If we multiply the 6 P's by an arbitrary quantity K, we may regard the 
resulting quantities as the 6 homogeneous coordinates of a plane through the 
origin. These six coordinates are then identical with the six Pliicker coordi- 
nates of a line in three-dimensional space. The geometry of planes through the 
origin in four-dimensional space is therefore exactly parallel to the Pliicker line 
geometry, and every proposition of the one theory can be transferred to the 
other, so far as the geometrical distinction between the three- and the four-dimen- 
sional spaces interposes no obstacle. The examination of this correspondence in 
detail I intend to treat in a future paper. For the present I will merely estab- 

*In treating the direction cosines alone we may, of course, suppose the given plane to pass through 
the origin. 
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lish two fundamental propositions for the geometry of the planes of a four- 
dimensional space. 

5. Two lineoids, ax -\- by + cz + dw + e = 0, 

a'x -\- b'y + c'z + d'w + e' = 

I call perpendicular to each other, if aal + bb' + cd + dd' ' = , or in terms of the 
direction cosines of the two lineoids, 

cos a cos a' + cos /3 cos /3' + cos y cos y' + cos h cos 5' = . 

If we have two pair of lineoids such that both lineoids of the one pair are per- 
pendicular to both of the other pair, the planes of intersection of each pair are 
naturally called perpendicular to each other. Two such planes will have no line 
in common. I call two such pairs of planes absolutely perpendicular to each 
other. Thus any pair of coordinate planes whose symbols contain no common 
letter, as xy and zw , are absolutely perpendicular to each other. 

6. "We can now establish at once the important proposition : Through a given 
point in a given plane only one plane can be passed which is absolutely 
perpendicular to the given plane. That this is the case is indicated by the 
fact that four -conditions are requisite for absolute perpendicularity, and these 
are sufficient to determine the four essential constants of the second plane. 
We verify the proposition by the actual determination of the six direction 
cosines of the second plane in terms of those of the first. 

We distinguish the different lineoids by subscripts 1, 2, 3, 4, and suppose 
that the planes (12) and (34) to be the first and second planes respectively. The 
four equations of conditions are then 

cos a x cos a 3 + cos & cos (3 3 + cos y x cos y 3 + cos 8 X cos S 3 = , 
cos «! cos a 4 -+- cos @ x cos /? 4 + cos y x cos y^ -\- cos 8 t cos $ 4 = , 
cos a 2 cos a 3 + cos /? 2 cos /3 3 + cos y% cos y 3 + cos 8 Z cos 8 S = , 
cos a 2 cos a 4 + cos /? 2 cos /2 4 + cos y % cos y t + cos £ 2 cos £ 4 = . 

From these we readily deduce 

P 12 cos (3 3 + P 13 cos y 3 + P 14 cos h 3 = , 
P 13 cos (3i + P 13 cos y± + P 14 cos <S 4 = , 
P 12 cos a 3 — P 23 cos y 3 — P 24 cos S 3 = , 
Pi 2 cos a 4 — P 23 cos y± — P u cos <$ 4 = , 
P 13 cos a 3 + P 23 cos /? 3 — P 34 cos h 3 = , 
P 13 cos a 4 + P 23 cos /? 4 — P 34 cos <S 4 = , 
P 14 cos a 3 -f P 24 cos /? 3 + P u cos y 3 = , 
P 14 cos a 4 + P 2 4 cos Pi + P 34 cos y 4 = . 
26 
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And from these again, if we distinguish the P's of the second plane hy 
accents, we have 

Pv 



p pi P pi — o P' — —24 P' 

Jr 12- r Z3 ■* 14-* 34 v x 13 — D -*S4> 



p 

P\%P%± T" ■» 13-* 84 = " -Tl4 •— "p - ^34 > 

-*12 

P 

P\?P\Z ~H P24P34 == •'• P 33 :=: "5" "^31 ) 

•*12 

D 

p p/ P P> — P' — — - P' 

-* 12-^14 ■* 23- f 34 u -^24 P -*34 » 



p p' _1_ p pi — o P> — — ^ P' -— — S- 4 P' 

•*13-*18 r -^34X^24 U -f 12 — p JT 2i p ^34. 



A: 

P 34 p/ £_3- 

1 -* 24 p 

13 -*12 



Pl8 ~ P 3 
Pl3 == P* 

P<t — - "e 



If now we write P[ % = -SP 34 

we have Pis = EP 42 , 

P u = -qTP 2 3 , 
P23 — : EP U , 
Pu — EP 31 , 

P34 == ^Pl2 • 

But since 2P? S = 1 and 2P£ = 1 , we have JT a = 1 , JT= ± 1 . 

We may take either of the values of E. If we take E= -f 1 we have 

13 ~ P34 > 

3/ . 
13' 

p'-'p 01 (3) 

-^23 *U 1 

P24 == P3I 1 
P3I — Pig. 

As a final verification we have 

PLPL + Pi,P' a + P'uPis = Psi Pu + P^Pis + Pn Pu = . 

The equations (3), regarded as defining the transition from the given plane 
to its absolute perpendicular plane, are equivalent in the Pliicker geometry to 
the analytic definition of a dualistic transformation. The relation between the 
planes P and P' is evidently a reciprocal one. 

7. These equations may also be simply interpreted within the four-dimensional 
space as follows : We have regarded a plane as the intersection of two lineoids. 
We may also regard it as determined by two straight lines. For convenience 
we will suppose the plane and its determining elements all to pass through the 



Cole: On Rotations in Space of Four Dimensions, 197 

origin. If the coordinates of any point on any one of the determining lines be 
x, y, z, w, we may call the quantities 

x y z w 

*/a?+tf+*+v? ' Vx*+y»+z*+w*' Vx^+y^+^+w 2 ' */a?+if+*+u? 

the direction cosines of the line. From the direction cosines of the two deter- 
mining lines we may then form determinants P of the second order as before in 
the case of the lineoids. 

If a line and a lineoid have the same direction cosines they may be called 
perpendicular to each other. It appears at once that if a plane be determined 
by two lineoids and a second plane by two lines whose direction cosines are 
respectively equal to those of the lineoid, these two planes are absolutely perpen- 
dicular to each other. If, therefore, the direction cosines of a plane as deter- 
mined by two lineoids be P ik and those of the same plane as determined by two 
lines be P' ik , the equations (3) hold between these two sets of coordinates. In 
other words, the equations (3) define the transformation from a lineoid geometry 
to a line geometry. 

These results can of course be easily verified analytically by expressing 
the direction cosines of a line in terms of the direction cosines of the three lineoids 
which intersect in the line. 

8. The condition that two planes shall have a common line is also readily 
obtained. Thus, if the two planes be determined as before as the intersection of 
the lineoids 1 and 2, 3 and 4, each of these lineoids must contain the common 
line of the two planes. The condition for this is obviously 

cosa 1( cos/?!, cos^d cos h\ 

cosa 2 , cos/? 2 , cos ^ 2 , cos S 2 

cosa 3 , cos/? 3 , cosy 3 , cos 8 3 

cosa 4 , cos/? 4 , cosy 4 , cos&t 

Expanding this determinant in quadratic minors, we have at once 

-P12-P34 4" P 13* 4a + PuP%9 "H PzsPu ~f~ P4&P1Z "f" -F34-F12 = . (4) 

This is identical with the Pliicker condition that two straight lines in ordinary 
space shall have a common point. 

9. If a plane P have a line in common with a given plane P, and also with 
the plane absolutely perpendicular to P, we have the two equations of condition 

PizP'u + P\sPi% + -P14-P33 + -P33-P14 + P&P is + -P34-P12 =: °> 

-P12-P12 + P-&P 13 H~ PuPu "I" -F23-P23 ■+■ PuPu H~ * 34-P34 = • 



0. 
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From the symmetry of these equations it is at once evident the plane P has a 
line in common not only with P but also with the plane absolutely perpendicular 
to P. The relation between the two planes is therefore a reciprocal one. Two 
such planes I call simply perpendicular to each other. There are, therefore, <» 3 
planes simply perpendicular to a given plane. The situation of these planes can 
be readily understood by the aid of the following consideration : Through the point 
of intersection of the planes P and P oo 1 straight lines can be drawn in each plane. 
Any two of these lines lying one in the plane P , the other in the plane P, deter- 
mine one of the simply perpendicular planes. Through each of the lines in P 
there, therefore, pass oo 1 of the simple perpendicular planes, and these cut the 
plane P in the bundle of rays through the intersection P and P. It appears, 
therefore, that there are oo 1 planes simply perpendicular to a given plane and 
cutting it in a given line. For example, the planes xz and yz, or any one of their 
oo 1 linear combinations, are simply perpendicular to the plane xy. 

In the development of this part of the subject I have not attempted any- 
thing like an exhaustive treatment. I have simply aimed to establish systemati- 
cally so much of the theory of the linear configurations containing the origin in 
space of four dimensions as is of immediate use in the theory of rotations. 



The General Theory oe Eotation in Four-Dimensional Space. 

1. The general collineation in space of four dimensions is defined by the four 
equations f _ g lX -f- \y + c x z + a\w + e x 

X ~ a 5 x + b 5 y + c 5 z + d^w + e 5 ' 

, _ a%x + l % y + c % z + a\w + e 2 

y ~ a 5 x + % + c 5 2 + d 5 w + e 5 ' 

, _ a z x + b 3 y + c 3 z + d 3 w + e 3 *• 

Z ~ a 5 x + % + c 5 3 + d 5 w + e 5 ' 

f ajX -j- b 4 y -j- CjZ + d±w + e 4 

W ~ a 5 x + % + c 5 z + d 5 w + e 5 ' 

These involve twenty-four essential constants; that is, there are oo 24 possible 
collineations. That these form a group is clear. We are interested in the sub- 
group which converts a solid of the second order, more particularly a solid 
sphere, into itself. The equation of such a surface contains fourteen essential 
constants. Since these are to remain unchanged, we have fourteen equations 
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of condition among the twenty -four constants of the general collineation. The 
desired subgroup contains, therefore, o° 10 distinct operations. 

This subgroup contains again a further subgroup composed of the rotations 
of the sphere. As these rotations I define those collineations of the four-dimen- 
sional space which not only convert the sphere into itself but also leave its center, 
assumed to be at the origin, and with it its polar solid plane, the lineoid at 
infinity, unchanged.* From this definition it appears at once that the denomi- 
nator in the equations (1) reduce to a single constant term which may be regarded 
as combined with the coefficients of the numerators, and that the constant terms 
in the numerators reduce to zero. 

The equations for the subgroup of these rotations therefore are of the form 

x' = a x x + hiy + c x z + d x w , 

y< = a% x + % + c 2 3 + d*w , . , 

z' = a 3 x + b 3 y + c 3 z + d 3 w, *• > 

yj = a 4 a; + b 4 y + c 4 2 + d A w . 

If the equation of the invariant sphere be a; 2 + y* + s a + w 2 = 1 , the coeffi- 
cients a, b, c, d are further connected by the ten equations of condition 

a \ + a l + a t + a\ = 1 > «i«2 + b !& 2 + <h G % + a\d\ = , 

bl+b\+b\ + b\ = l, a x a 3 + b x b 3 + c x e 3 + a\d 3 — , 

c\ + <% + cfj + c\ = 1 , a\a± + bfii + c x c± + d 1 d i = , 



d\ + d\ + d% + d\= 1 , a 2 a 3 + b % b 3 + ap 3 + d % d 3 — , 

«g«4 + ^2^4 + °2 C 4 + d % d A = , 
«3 a 4 + hh + CjA + d 3 di = . 



(3) 



The equation (2) contains sixteen constants, and as these are connected by 
the ten relations (3), it appears that the group of rotation of a four-dimensional 
space about any fixed point contains oo 6 distinct operations. 

2. The theory of orthogonal transformation has been extensively studied by 
Cayley,f who has given a general method of expressing the n % coefficients of such 

a transformation in terms of the -g- n (n — 1) independent constants of the trans- 
formation. In the case of a four-dimensional space, if we call the six indepen- 
dent constants a, b, c,f, g, h, we have 

*See also 29. t Crelle XXXII. 
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(4) 



Ba x — 1 - S 2 + f — a 2 + f — b % + h* — c 2 , 
Ba % = 2 (— a — /$ + c# — M), 
jBa s = 2 (— h — c/— Sgr + ali), 
Ba i= =2(~c + If— ag — te) , 

Bc x =z2{b + g$ — cf+ah), 
Bc z =2(h+fg + c$-ab),, 
Bc 3 = l — & + g*— b % + c 2 — ¥ + a 2 — ft 2 , 
5c 4 = 2 (— /+ £& — be — a3) , 

Bb x = 2(a+f$ — bh + cg), 

Bb, = l — 3 2 +/ 2 — a 2 + Z> 2 — /+ c 2 — 7t 2 , 

£6 3 =2(-^+/^-a5- C ^), 

56 4 =2( S '+/^ + 53-ac), 

Bd\=z 2(c + h§—ag+ bf), 
Bd 2 =2(—g + hf—ac~b§), 
Bd 3 =2(f+gh + a$-bc), 
Bd i =l — & + h 2 — c 2 + a 2 — f + 5 2 — g\ 

where & = af + bg + oh 

and B = l + a? + b 2 + c i + g i +f + h !i + &. 

The question now arises, and this leads to developments of fundamental 
importance, whether a rotation in four-dimensional space as defined by the 
equation (2) and (3) or (4) has any points other than the origin fixed, as is the 
case in the corresponding problem in three-dimensional space. If there be such 
points, they will be determined by putting in equations (3) a/, y', z', w', equal 
respectively to x, y, z, w and solving the resulting equation, 

(a x — 1) x + b x y + c x z + d x w = 0, 
a 2 x + (& g — 1) y-\- c 2 s + d % w = 0, 
a 3 x + b s y + (c 8 — 1) z +d 3 w = 0, 
a 4 x + b 4 y + c 4 g + (e£ 4 — 1) w = . 

If these equations have a common solution other than , , , , we must have 
a x — 1 b x c x d\ 



(5) 



a. 






d 3 
d t ■ 



= 0. 
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Substituting now for the a, b, c, d their values as given by equation (4), we find 
that this determinant is not identically , but reduces to 

y * 

In order, therefore, that a rotation may have any point other than the 

origin fixed, we must have 

S=sO. 

We must, therefore, divide the rotations of a four-dimensional space about a fixed 
point into two classes, one containing o© 5 distinct operations, each of which leaves 
other points beside the origin fixed, and the other containing the remaining oo 6 
distinct operations which do not possess this property. 

If 3- be , the four equations (5) apparently reduce to three independent ones, 
which accordingly determine a fixed line. But this is not all. The equations (5) 
in this case really reduce to two, which accordingly determine a fixed plane. That 
this is so is readily seen if we write in the four equations in the place of the 
a, b, c, d their value as given in equation (4), in which we are now to put 3 = 0. 

"We have then 

(— a 2 — b % — (?)x + (a — bh-\-cg)y +(Z> — cf+ah)z + (c — ag + bf) w = 0. 
(~a+cg+bh)x + (-a»-g % -h*)y+(h+fg—ab)z + (-g+hf—ac)w = 0, 
(— b —cf+ah) x+ (—h +fg -ab)y + {—b*-f-h*) z +{f+gh- bc)w = 0, ^> 
(-c+bf-ag)x+(g + fh-ac)y + (-f+gh-bc)z+(-c*—f*-g*)w = 0. 

If, now, we multiply the second, third, and fourth equations by a, b, and c 
respectively and add the results to the first equation, remembering that 
a /+ ty + ch—Q, the resulting coefficients all vanish identically. Moreover, if 
we multiply the second, third, and fourth equations by /, g, and h respectively 
and add them together, the resulting coefficients again all vanish. 

We have, then, this result : Of tlve o© 6 rotations in general defined by equations 
(2) and (3), only a minor class of oo 5 rotations leave any point in space except the 
origin fixed. Each of these oo 5 rotations leaves an entire plane fixed. 

We shall find, however, that these latter oo 5 rotations do not constitute a 
group. The resultant of two such rotations does not in general leave any point 
except the origin fixed. 

4. Those rotations which leave a plane fixed, I shall hereafter call " simple " 
rotations. The fixed plane for such a rotation, it must be noted, is not only fixed 

*See Scott's Determinants, p. 233. 
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in the sense that it is converted into itself, but it is fixed absolutely, i. e. every 
point in it is fixed by itself. 

The plane absolutely perpendicular to the fixed plane is also evidently con- 
verted into itself, but its separate points do not remain fixed. Since the spheri- 
cal solid is also converted into itself, it follows that the circle of intersection 
of the absolutely perpendicular plane with the sphere is likewise converted into 
itself. Again, every collineation of the four-dimensional space is also a colline- 
ation of any plane which it may leave fixed. It appears, therefore, that the 
absolutely perpendicular plane is simply rotated through a certain angle into 
itself. This angle we will call the angle of the rotation the four-dimensional 
space considered. 

The oo 2 planes which are simply perpendicular to the fixed plane of the 
" simple " rotation have a line in common with this plane and a line in common 
with the absolutely perpendicular plane. Of these two lines, the one in the 
fixed plane remains in every case fixed, while that in the absolutely perpen- 
dicular plane is rotated in that plane about the origin through the angle of the 
rotation. If among these planes we select those which have a given line of 
intersection with the absolutely fixed plane, the transformation which these 
undergo is exactly the same as that of planes through the axis of a rotation in 
three-dimensional space. 

5. Returning, now, to the analytic treatment of the subject,- we can at once, 
in case 3- = , find an interpretation for the six independent constants 
a, b, g, f, g, h. These are proportional to the six direction cosines of the fixed 
plane. 

For the fixed plane is determined by any two of the lineoids defined by 
equation (6), say the first and second. Calculating the direction cosines of 
the plane of intersection of these lineoids, and remembering again that 
a/+ bg + chz= 0, we have at once the six quantities a 2 , ab, ac, ah, — ag, af. 

These we may regard as the six homogeneous coordinates of the fixed plane. 
Between these we have already the Plucker identity af-{-bg + ch=0. To 
obtain the six quantities p, we have only to divide these six coordinates by the 
square root of the sum of their squares. Thus, 

A p — A. 

B " / * 3 ~~ B ' 



P — — P — 



p _A p -=i 

P u = ±. P u =^ where B = V'i+a* + b>+ c 2 +/ 2 + S r 2 +^. 
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For the absolutely perpendicular plane we have 

pi —JL p — JL , 



p/ _ X p ~zzl 
18 — 5 u — B ' 

p/ .A. p iL 

Since the fixed plane is determined by four independent constants, while 
the a, b, c,f, g, h, with the identity a/+bg-{- ch= 0, constitute a system of 
five independent quantities, it is clear that the extent of the rotation is measured 
by a single constant ; that is, that the rotation is in itself one-dimensional, a 
result which agrees with the preceding geometrical consideration. 

It remains to determine the extent of the rotation ; that is, the angle men- 
tioned above. If we write 

a = cos a tan -—- , b = cos p tan -~ , c = cos y tan ~- . 

/= cos & tan -~- , — g = cos e tan ~ , 7t = cos 5 tan -j- , 

where the six cosines are the six direction cosines of the fixed plane, that is, 
the six P's, so that 

B = V 1 + tan 2 -|- = sec -|- , 

the angle $ thus defined is the angle of the rotation. 

It will be sufficient to prove this in a single case. We will, therefore, 
assume 6 = c =/= <? = 7t = , so that the fixed plane shall be the plane of zw. 
From equation (4) we have, then, for the equation of the rotation, 

,1 — a? 2a . 

— 2a , 1— a 2 . 

y 1 + a 2 ' 1 + a 2 y 

Comparing these with the equation for rotation about the origin in the plane xy, 

x' = x cos ^ — y sin ^ , 

y 1 = x sin <£> + y cos $ , 
we have „ . 1 — « a • . _ — 2 « 

l-cos| = tan)! ^ - 
1 + cos ^ 2 

27 
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6. I have already mentioned that the combination of two rotations with fixed 
planes does not in general give a rotation with a fixed plane. The discussion of 
this question is included in the general theory of the composition of rotation, to 
which I now proceed. In the following I obtain expressions for the quantities 
a, b, o,f,g, A, $■ of a resultant rotation in terms of the same quantities for the 
two component rotations. 

If we write the two component rotations in the form 
Xi = CitfEi ~r G vP-% ~r c i3*^3 ~r c uX i i 

X t = CjjSEi -j- CftXz -J- C iS X s -\~ C U X^ , 

and suppose the rotations to occur in order as written, we have for the resultant 

rotation x<> = c'fo 4- c['x % + c[>x 3 + c[ix iy 

where c[J = c^j + e' i% c v + c{ 3 Cy + <4% . (a) 

Turning now to equation (4), we have 

B" (c{i + eg + eg + c") = 1 - $» 2 - a'' 2 - 6" 2 - c" 2 + /» 2 + g"> + A" 2 

+ 1 _ $» 2 _ a " 2 + 6" 2 + c" 2 + /" 2 — #" 2 — A'' 2 
+ 1 — &" 2 + a" 2 + &" 2 + c" 2 — /" 2 + #" 2 — A" 2 
+ i _ $" 2 + a"' + 6" 2 — c" 2 — /" 2 — 0"' + A" 2 
= 4(l-3" 2 ). 
By the aid of equation (a) we then have at once 

^(1-3"') 

= (1 — 3' 2 — a' 2 — &' 2 — c' 2 + /' 2 + f + A' 2 )(l — S 2 — a 2 — Z> 2 - c 2 +/ 2 +- a 8 + A 2 ) 

+ (l _ S' 2 _ a ' 2 + &' 2 + c' 2 + /' — /— A' 2 )(l — & — a z + & 2 + c 2 +/ 2 — J» — 7i 2 ) 

+ (1 — £' 2 + a' 2 — &' 2 + c" — / /2 + #' 2 — A' 2 )(l — £ 2 + a 2 — b 2 + c 2 — / 2 + # 2 — A 2 ) 

+ (1 — S' 2 + a' 2 + 6' 2 — c' 2 — /' 2 — f + l/)(l — ^+a 2 + 6 2 — c 2 — f— g % + A 2 ) 

+ 4 (a' +/'£' - &'A' + dg>)(- a -f$ + cg- bh) 

+ 4 (&' + g& — df + a'h!) {—b — cf— g§ + ah) 

+ 4 (</ + A'£' - ay + b'f){- e + bf- ag - J&) 

+ 4 (- a' -f$> + dg<— b'h')(a +f$-bh + eg) 

+ 4 (h' + /'</ + c'£' - a'b')(- h+fg-ab- <&) 

+ 4 (- g> + A'/' - a'd - V$>)(g + fh + b$ — ac) 

+ 4 (— V — df — g>§> + a'h'YJb + g$ — cf+ ah) 

+ 4 (- A' + /'</ - a'V - d $>)(h +fg + c£ - ab) 

+ 4 (/' + g'h' + a'$> - b'd){-f+ gh -be- aS) 

+ 4 (- d + &'/' - a'g' - hW)(c + A3 - ag + bf) 

+ 4 (</' +/'A' + &'^ — a'd){— g + A/— ac — 6S>) 

+ 4 (— /' + g'h' — b'd — a'§')(f + ffA + a3 — 6c) . 



Cole : On Rotations in Space of Four Dimensions. 205 

From this we readily obtain by multiplying out and recombining the results, 

=gr (1 — $"*) = (1 + &y — ad — bb' — cc' —ff — gg' — hh'f 

— (a'f + af + b'g + bg' + c'h + ch< + 3- + 3') 2 . 
Hence y , __ + 2^_ (fl , /+ a// _ ^ + %/ + ^ + ^ + ^ + y)9 

-^(1 + ^' -aa' -bb 1 -cd —ff -gg' -hh'f 

+ 1. 

Now, if the component rotations each leave a plane fixed, we have 3-= 3'= . 
And if, in addition, these two fixed planes have a line in common, we have also 
a'f + af + b'g + bg' + c'h -f- ch! = . But in this case the resultant rotation 
will also leave the line of intersection of the two planes fixed and consequently 
will leave a whole plane fixed. We have therefore for this case 

3" = 0, 

-^(1 + 33> -aa' -bb' -cd -ff> - gg' -hh'f = 1, 

. #,_ W 

* (1 + 33' — aa! — bb' — cd —ff — gg' — hh'f 

_ (l+a* + V + c 8 +/ 2 + g % + h? + 3 2 )(l+q'° + V' + c'°+/' 2 + a'°+F+ 3'') 
— (i + ^ — aa' — bb' — cd—ff' — gg' — hh') 

But since the a, b, c, f, g, h are independent variables, only connected in the 
present case by the three equations of condition 

3 = 0, 3' = 0, «'/+ af + % + 6a' + dh + c# = 0, 
it is clear that we have always 

"° — (1 + 33' — aa' — W — cd —ff — gg' — hh'f 
and consequently 

3" 2 = ^ («'/+ «/' + % + V + CA+ cA' + 3 + 3') 2 

_ {a'f + af + &'<7 + b£ + eft + eft' + 3 + 3') a 
~" (1 + 33' — aa' — bb' — cd —ff — gg' — hh'f ' 

% _ aff± af + b'g + bg' + dh +.ch> + 3 +3' * ,,„ 

1 + 33' — aa' — bb' — cd —ff — gg' — hh' ' {P) 

*In the extraction of the square root the plus sign must be taken, as any simple example will show. 
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Again, from equation (4) we have 

B" (<# - 40 = 4 (a" + /" 3") , 5" (e& - eg) = 4 (/" + a" 3") , 
•B" (4£ - 40 = 4 (6" + g" 3") , 5" (<# - ^0 = 4 (</' + 6" 3") , 
B" (4£ — 40 = 4 (c" + F 3") , B" {eg - eg) = 4 (h" + c" 3") . 

From these, by the aid of the equations (a), we obtain 

4^L( a »+f'6")=2(l-r-a»-b"-c» + f + g» + h")(a+f$-bh + cg) 



B 



+ 2 

+ 4 

+ 4 

— 2 

— 2 

— 4 

— 4 



4^' (/"+«"£") = 4 



.fi" 



a' + f^—b'h + e'g)(l— 2 — a 2 + 6 2 + c 2 + / 2 — # 2 — A 2 ) 
6' + #'3' — df + aW)(— h+fg — ab — c6) 
d + A'3' - a y + 6'/')(# +/A + 63 - ac) 

— a'— /'3'+ ey— 6W)(1— 2 — a 2 — 6 2 — c 2 + / 2 +# 2 +A 2 ) 
1 — 3' *— a' 2 +6" + o" +/ /Q — ^ — #*)(— «— A + <# — 6A) 

*' + /y + c^' — «'&o(— & — °/ — ^ + «*) 

</ + /,'/' — «'</ — 6'3')(- c + bf- ag - A3), 

— J + 5'/' - ay - ft'30(6 + fl& - c/+ oA) 
o' + /'# + 6'3' — aV)(A + fg + c3 — a&) 
— /+ Sfh'— Vd— a'3')(l— 3 2 + a 2 — 5 2 + c 2 — / 2 + # 2 — A 2 ) 
1_32 + a " + #■_</•_/•_ g»—h'')(—f+ gh—bc — aB) 

— V — c'f — a'3' + aW)(c + A3 — a# + 6/) 

— A' +/y — a'6' — e^'X— + ¥— « c — W) 
1 — 3 2 + a' 2 - b" + <T — /" + ff"—h> 3 )(f+ gh — ac — &3) 
/' + ^A' + a'3'— 6V)(1— 3 2 + a 2 + Z> 2 — c 2 — / 2 — a 2 + A 2 ). 

Combining these we obtain, after a series of easy reductions, 

(a" +/")(! + ^"X 1 + S&' — ««' — W — <*? —ff — **' — ^? 
= (1 + 33' — aa' — 66' — a/ — .#" — ^ — AA' + 3 + 3' 

+ a'/+a/' + % + %' + c'A + cA')(a + a'+/+/'-(/' + a / )3-(/+a)3' 
+ 6A' — b'h + c'# — eg' + bc'—b'c + gh' — g'h) . 

But from equation (/3) 

1+33'— qq'— bb'— cc'—ff— gg'— hh'+$-+§'+c'f+cf+b'g+bg'+c'h+ch' 



+ 4 

+ 2 

+ 2 

+ 4 

+ 4 

+ 2 

+ 2 



1+3" = ■ 



.-.-«"+/" = 



1 + 33' — aa' — bb' — ce< —ff — gg' — hh' 

q + q / +/+/'-(q+/)3'-(a'+/')3 

+ bh' — b'h + c'g — eg' + be' — b'c + gh' — ff'A 

~ 1 + 33' — aa' — bb' — a/ — ff — ^' — hh' 
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Similarly 

a + a' -f—f + (a'-f) » + (a -/) 3' 

„ __ /; , + bh' — b'h + c'g — eg 1 + b'c — be' + g'h — gh' 

a f ~ l — ^' — aa' — bb' — cc'—ff' — gg' — hh' 

Hgiicg 

„ _ a + a' — f& — f$ + bh' — b'h + c'g — eg ' 
a — 1 + £$'— aa' - bb' — ce' — //' — gg' — M' ' 

/// - f + f' — a 'S — <&' + \j_ — b'c + gh' — g'h 
f — l+^' — aa'—bb'-cc'—ff' — gg' — hh'' 

We can now write down at once all the formulae for the combination of 
two rotations. If we denote the common denominator 1 + 3&' — aa' — bb' — cc' 
— ff — 99' — hh' by D , the formulae are 

Da" = a + a' — f& — /'$■ + bh' — b'h + c'g — eg', 
Db" = b + b' —g$'— g'$ — of — c'f + a'h — ah', 
Dc" = c + c' —h$'— h'$ + ag'— a'g + b'f— bf, 
Df" =/ + /'— <&' — a'S + 6c' — b'c + ^' — flr'A, 
Dg" = g + g' - 63' — 5'S- + ca' — ac' + /'A — fh', 
Dh" =h + h"— <&' — c'S- + a6' — a'b + /#' — /'#, 
Z>3"= & + 3' + a'/ + af + i'flr + bg' + c'A + eft'. 

The formulae may be tested by aid of the equation 

$" = a"f" + b"g"+c»h". 

It will be found that this condition is satisfied. 

The condition that the resultant of two simple rotations shall be a simple 
rotation is now clear. We must have simultaneously $■" = , & = , S-' = , 
which require a ij + a f + y g + hg i + c > h + c h>=o. 

That is, the resultant of two simple rotations is itself a simple rotation when and 
only when the fixed planes of the component rotations have a line in common. That 
this condition was sufficient was already clear from geometrical considerations. 
It now appears that it is also necessary. 

7. I determine next the resultant of two simple rotations whose fixed planes 
are absolutely perpendicular to each other, the angles of the rotation being $ and <£' 

respectively, and K and K' denoting the tan -9L and tan -5L respectively. If 



208 Cole : On Rotations in Space of Four Dimensions. 

the six direction cosines of the one plane be P 12 , P 13 , P u , P 23 , P 24 , P 34 , those of 
the other are P 3i , P&, P 23 , P u , P 31 , P 12 . We have then 

a=KP 12 , b=KP 13 , c=KP u , f=KP 3i , g=-KP 2i , h = KP i3 , 
a> = K>P u , V = KP i% , c' = K'P %3 , f = K'P n , g' = -K'P 31 , h' = K'P u . 

The equations of combination become in this case 

,, _ g + a' . KPn + K'Pu 

- l_ aa '_ 6& '_ cc '_//_ gg>- hh l - ! _ 2KK' (P U P M + P 13 P i2 + P U P 23 ) 

= KP n +K'P 3i1 
b"=KP 13 +K'P i2 , 
c"=KP u +E>P u , 

f'=KP ti +E'P Ji , W 

g" = KP M + K>P 31> 
h =KP 23 +K'P U , 
* = KK> (P* n + P\ 3 + P* u + P> 3 + Plt + PI) 

~KK<. 

8. If, now, a general rotation, &" :£ 0, be given, we may decompose this into 
two simple rotations with fixed planes absolutely at right angles to each other 
by the aid of the above formulae (y). 

Squaring and adding the equations (y) we have 
«//■ + yn> + c //= + fin + g ,n + #/. = jp (n + Pls + Pl + p ls + P | 4 + pl) 

+ 2KK> {P Xi P 3i + P n P i% + P 14 P 23 ) 
+ ET (P| 2 + Pf 3 + P? 4 + i» + P| 4 + PI) 
= JT 2 + iT /a . 

From this equation, in combination with the equation §■" = JfiT', we can 
determine ^" and K 1 . These equations have four pairs of solutions. Any one 
of these being given, the others are deduced from it, (1), by interchanging the 
values of K and K 1 , (2) by changing the signs of the values, and (3) by both 
interchanging the values and changing the signs. 

Again, from the equation (y), we obtain at once 

D Ka"~K'f" Kf" — K>a" 

-*34 ' 



•^12 — 


K~- 


-K" 


Pis = 


Kb" - 


- K'g" 


K*- 


-K" 


Pu = 


Kc" - 

TT1 


- K'h" 



Pa — 



K? — K % 
Kg" — K'b" 

E? — K'* 
Kh"—K'c" 

K % — K" 
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From these equations it appears that if the signs of K and K' be changed, 
those of the P ik are changed at the same time. In other words, such a change 
of signs does not affect the position of the fixed plane, but merely changes the 
point from which it is viewed from one side of the plane to the other. 

Again, an interchange of K and K' converts the P ik of the plane into those 
of the absolutely perpendicular plane. 

Our system of solutions leads therefore to only one pair of fixed planes. 
We have accordingly the following proposition : 

Every rotation of a four-dimensional space for which §■ dp. can be reduced 
to a succession of two simple rotations whose fixed planes are absolutely perpen- 
dicular to each other. This decomposition can be effected in only one way. The 
quantity 6 is the product of the tangents of half the angles of the simple rotations. 
The quantity 

B— 1 + a 2 + b 2 + <? + f + g % + h 2 + & 

= (1 + K* + K" + K^R 1 *) — (1 + JT 2 )(1 + K") , 

i. e. it is the product of the squares of the secants of the two angles of the two simple 
rotations. 

If We choose as axes of coordinates four lines lying two (a; and y) in the 
fixed plane of the one simple component rotation, and two (z and w) in the fixed 
plane of the other, the equations of the rotation reduce evidently to the form 

x' = x cos q> — y sin <£ , z' ==z cos $' — w sin $', ,*,-. 

y'=.xsiii<p — ycosty, w'— asm <p' + w cos<|/. 

The simple rotations occur when one of the angles <£>, <£>' is 0. In con- 
formity with the use of the name simple rotation, the general rotation may 
be called a double rotation. 

9. In closing, it remains to be noted that the orthogonal transformations 
defined by equations (2) and (3) include not only the <» 6 rotations of the four- 
dimensional space about the origin, but also an equal number of other trans- 
formations which are most simply described as combinations of the preceding 
rotations with a reflection on any lineoid through the origin. For convenience we 
will call this second class of transformations the conjugate transformations.. 

For example, the transformation x' = — x, y' = y, d = a, wl = w evidently 
belongs to the orthogonal system, but is no rotation. It is a reflection on the 
lineoid sc= 0. This reflection leaves all points in the planes of xy, xz, and xw 
fixed, while the planes of zw, yw, and yz are reflected on the axis of y. 
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A simple algebraic criterion serves to distinguish between the rotations and 
the conjugate transformations. The square of the determinant 

a l &! c x d\ 
a% Og Cg d% 

Mr Or Ca 



a, 



u s d s 

'4 ^4 ^4 d^ 



of any orthogonal transformation is, as is well known, equal to -+- 1 , and 
consequently the determinant itself is equal to either + 1 or — 1 . 

Those transformations whose determinant is + 1 are rotations of the four- 
dimensional space about the origin. 

If those transformations whose determinants are — 1 be followed by a 
reflection on any lineoid through the origin, say by the reflection d = — x, 
y 1 — y, z' = a, tt/=w, the determinant of the resultant transformation is 



— a x 


h 


Cl 


d\ 


— <h 


h 


c 3 


d % 


— a 3 


h 


C'3 


d 3 


— a-i 


h 


c 4 


di 



and is therefore + 1 . The resultant transformation is accordingly a rotation. 

It appears, therefore, that all orthogonal transformations of determinant — 1 
are conjugate transformations. 

Since the determinant of the combination of two linear transformations is the 
product of the determinants of the two component transformations, it follows 
that the combination of two rotations ■, or of two conjugate transformations, is a 
rotation, while the combination of a rotation with a conjugate transformation is 
a conjugate transformation. 

The rotations accordingly form a group, while the conjugate transformations 
do not. 

The conjugate transformations do not in general leave any point except the 
origin fixed. They may, however, leave a plane, and, in the particular case of 
reflections, a lineoid fixed. 

The further treatment of this subject I reserve for another paper on groups 
of rotations in four-dimensional space, to which the present article is intended 
largely as a preface. 
Ann Aeboe, Sept., 1889. 



